Abstract. We study the profit-sharing rule that maximizes the sustainability of cartel agreements assuming that firms can make side-payments. This rule is such that the critical discount factor is the same for all firms ("balanced temptation"). If a cartel applies this rule, contrarily to the typical finding in the literature, asymmetries among firms may not hinder the sustainability of the cartel. In the simplest case of a Cournot duopoly in which firms differ in their stocks of capital, the cartel is the least sustainable when one of the firms is approximately two times bigger than the other.
Introduction
The literature on the sustainability of cartels typically studies an infinitely repeated game where each firm may either: act in accordance with a collusive agreement that specifies each firm's output (or the price charged to consumers); or break the agreement by increasing output (or decreasing price), taking advantage of the fact that the other firms are restricting output (or charging the cartel price). If one of the firms deviates from the agreement, the industry becomes non-cooperative and thus profits in the subsequent periods become lower.
The choice of a firm between these two options depends on the relative importance that it gives to present and future profits. If the discount factor is sufficiently close to unity (meaning that the same importance is given to present and future profits), the firm will prefer to abide by the cartel rules; if it is sufficiently close to zero, then the firm will prefer to break the cartel to enjoy a higher profit in the present, in spite of suffering the consequent decrease of future profits. The critical value of the discount factor, above which no firm finds it profitable to break the agreement, is an indicator of the sustainability of the cartel.
When firms are heterogeneous, sharing the profit of the cartel is not a trivial matter.
If they avoid side-payments in order to decrease the probability of detection, a natural profit-sharing rule is to allocate production efficiently and let each firm keep its individual profit.
1 Side-payments provide an additional degree of freedom: the cartel can allocate production efficiently and, independently, choose how to share profits. In this context, a natural profit-sharing rule is based on the solution of the Nash bargaining game: firms get the profits that they would obtain under competition plus an equal share of the increase of the industry profit generated by the cartel agreement.
2
Depending on the source of firm heterogeneity and on the profit-sharing rule adopted by the cartel, some firms will be more prone to break the cartel than others. Since the sustainability of the cartel only depends on the behavior of the firm that has the strongest propensity to deviate, it seems to be straightforward that firm heterogeneity decreases the sustainability of cartels. This conclusion is supported by the theoretical contributions of Bae (1987) , Harrington (1989) , Compte et al. (2002) , Kühn (2004) , Vasconcelos (2005) , Miklós-Thal (2011) and Brandão et al. (2014) .
To address the issue of sustaining collusion in the presence of asymmetries among firms when side-payments are possible, we study the profit-sharing rule that maximizes the sustainability of the cartel. With this rule, all the firms end up having the same critical discount factor. It satisfies, therefore, the balanced temptation property proposed by Friedman (1971) . If one of the firms had a higher critical discount factor (i.e., a stronger propensity to break the cartel), the sustainability of the cartel agreement could be increased by marginally increasing this firm's share of the cartel profits.
Applying this profit-sharing rule to a simple example of a Cournot duopoly in which firms differ in their stocks of capital (and, as a result, in their marginal costs of production), we find that the relationship between the asymmetry between firms and the sustainability of collusion is U-shaped. The cartel is the least sustainable when one of the firms is approximately two times bigger than the other. It is slightly more sustainable when firms are symmetric, and much more sustainable when one of the firms has almost all the industry capital.
Previous contributions have also considered the balanced temptation solution to study the effect of cost asymmetry on the sustainability of a cartel, but in environments without side-payments.
3 In a price-setting supergame where firms have constant unit costs, Bae
Model
Consider an industry composed by heterogeneous firms in a stationary infinite-horizon setting. The objective of each firm is to maximize the discounted value of its flow of profits:
where Π it denotes the profit of firm i in period t. All firms have the same discount factor, δ ∈ (0, 1).
Before period t = 0, firms i ∈ {1, ..., N } establish a collusive agreement. We consider the profit-sharing rule that maximizes sustainability of collusion. Firms are assumed to choose the allocation, λ ≡ (λ 1 , ..., λ N ), that minimizes δ * .
Proposition 1. The allocation of the industry profit, λ * , that maximizes sustainability of collusion is such that:
where C = Thus, the N incentive compatibility constraints (1) are satisfied with the equality sign.
We have, therefore, a linear system of N + 1 equations with N + 1 unknowns:
whose solution is (2).
Observe that the resulting critical discount factor is always lower than 1, which means that collusion is sustainable if firms are sufficiently patient.
Cournot duopoly with asymmetric production costs
Consider the case of an infinitely-repeated Cournot duopoly with homogeneous goods but asymmetric production costs. In each period t ∈ {0, 1, ...}, firms 1 and 2 simultaneously choose their output levels, q 1t and q 2t . The price charged to consumers is the same for both firms and given by:
Firms need capital to produce. A firm with more capital can produce the same units of output at a lower cost. The cost function of firm i is given by:
where k i is the capital stock of firm i. For simplicity, let k 1 = k and k 2 = 1 − k.
Under competition, each firm produces the quantity that maximizes its individual profit:
The competitive output and profit of each firm i ∈ {1, 2} is given by:
and Π c i =
that, along the collusive path, firms maximize their joint profit:
Under perfect collusion, the output of each firm is proportional to its capital stock, q
, and the cartel profit is M = .
If firm i disrupts the collusive agreement, it will produce the quantity that maximizes its individual profit, assuming that the other firm produces the collusive output:
The deviation output and the corresponding single-period profit are:
Using (2), we obtain the critical discount factor that is associated with the profit-sharing rule that maximizes collusion sustainability (illustrated in Figure 1 ):
Collusion is easiest to sustain if one firm owns almost the whole industry capital (i.e., when k → 0 or k → 1). On the contrary, collusion is less likely when one firm owns approximately 33.2% of the industry capital. The most surprising result is that symmetry between firms does not necessarily facilitates collusion. This is in contrast with the existing literature, with the exception of Collie (2004) , which defends symmetry across firms as facilitating collusion (Motta, 2004) . Alternatively, if firms divide their joint profit according to their relative bargaining power, the share of firm i is the solution of the associated Nash bargaining game:
After some algebra, we obtain the critical discount factors for firms to abide by the collusive agreement (illustrated in Figure 2 ):
We conclude that, in this case, the smaller firm is the most tempted to deviate.
If side-payments between firms are not feasible (assuming that firms continue to max- imize cartel profits and allocate production efficiently), the critical discount factors are: In this case, it is the biggest firm that has the strongest incentives to deviate (see Figure   3 ). If firms are very asymmetric, i.e., if k ∈ (0, 0.39) ∪ (0.61, 1), perfect collusion is not sustainable without side-payments. Figure 4 shows that the profit-sharing rule that maximizes the sustainability of collusion by balancing temptation significantly decreases the critical discount factor. 
Conclusions
When asymmetries between firms are very pronounced, perfect collusion without sidepayments may not be possible. However, if firms can make side-payments in order to share their collusive profits in an appropriate way, they become able to sustain perfect collusion (as long as they are sufficiently patient). With the profit-sharing rule that maximizes collusion sustainability, which is the one that satisfies the "balanced temptation" requirement of Friedman (1971) , asymmetries between firms may increase the sustainabil-ity of collusion. This is in line with the results of Collie (2004) , but contrasts with the typical message in the literature.
